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Observability of a Geosynchronous Spacecraft Attitude
Determination System

Xipu Li* and Neil Goodzeit"
Lockheed Martin Commercial Space Systems, Newtown, Pennsylvania 18940

The observability is examined of a standard geosynchronous spacecraft attitude determination system that uses
Earth and sun sensor measurements. The results show that the attitude determination error state, including the
attitude and gyro bias errors, is entirely observable over the portion of the orbit where both sun and Earth sensor
measurements are available. However, when the sun is outside the sun sensor window, the system is unobservable
with a one-dimensional unobservable subspace. It is shown that the eigenvalue associated with this unobservable
subspace is zero and that the corresponding eigenvector is an equilibrium line of the attitude determination system.
The state vector converges to this equilibrium line from any initial state. This result has practical importance in
spacecraft attitude control and may be used to speed the recovery from attitude determinationanomalies. Numerical
simulations and actual spacecraft flight data are included to illustrate the theory.

Nomenclature
N span{v, ..., v,}, span V
span V = linear subspace spanned by vectors {v, ..., v,},
where V=1[v...v,]
vl = 2 norm of vectory

I. Introduction

OR most geosynchronous spacecraft, the nominal Earth-

pointing attitude is shown in Fig. 1. The spacecraft body yaw
axisx is aligned with the anti-Earth (zenith) vector, the body roll axis
y is aligned with the spacecraft velocity vector, and the body pitch
axis z is aligned with the orbit normal vector. Earth sensors and sun
sensors are commonly used for attitude determination (AD). The
Earth sensor, which provides roll and pitch angle measurements,
is normally mounted on the Earth-facing panel with its boresight
aligned with the spacecraft’s -x axis. The sun sensor, which pro-
vides sun elevation and azimuth angles, is normally mounted such
thatits boresightpointsto the eastor west direction. Figure 2 givesan
example where the sun sensor is mounted with its boresight 55 deg
from the -x axis toward the east. The sun azimuth angle is defined
as the angle between the -x axis and the sun vector projection in
the spacecraft x—y plane. The elevation angle is the angle between
the sun vector and its projection on the x—y plane. The AD sys-
tem needs two and only two well-separatedreference vectors, such
as the Earth and sun vectors, to determine a spacecraft’s three-axis
attitude.! Roughly speaking, the AD system uses Earth sensor data
to update the spacecraft roll and pitch attitude and sun sensor el-
evation data to update the spacecraft yaw attitude. The sun sensor
azimuth angle is not used because it provides the same information
as the Earth sensor pitch angle. During normal operations, the Earth
sensor is in constant view of the Earth; therefore, the roll and pitch
attitudeis updated continuously. However, the yaw attitude can only
be updated for several hours each day when the sun is within a spec-
ified region of the sun sensor field of view referred to as the sun
update window, for example, between azimuth angles of £35 deg
measured from the sun sensor boresight. When the sun is outside of
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the update window, the yaw attitude is propagated using the gyro
measured spacecraftangular rates.

This paper provides an analysis of the observability of the Earth
and sunsensorreferenced AD system. Althoughthe analysisisbased
onthe AD systemofthe A2100 spacecraft(Fig. 3), the theoreticalre-
sults apply to general geosynchronousspacecraft AD systems. The
analysis addresses two situations, one where the spacecraft uses
both Earth sensor and sun sensor data for AD and another where it
uses only Earth sensor data. The results show that the AD system is
completely observable when both earth sensor and sun sensor data
are available. However, when sun sensor data are not available, the
system is not completely observable. The unobservable subspace
is one dimensional and formed by a linear combination of the yaw
attitude determination error and roll gyro bias estimation error with
a ratio equal to the spacecraft orbit rate. This is consistent with
the well-known yaw gyro compassing result presented in Ref. 2,
which provides a comprehensiveanalysis of this subject. In contrast
to Ref. 2, this paper determines the null vector of the observabil-
ity matrix of the AD system, assuming a random walk gyro bias
model, instead of a constant bias and exponentially correlated drift
model. The random walk bias, although not an exact model of gyro
behavior, is widely used for practical AD filter design applications.
Furthermore, the analysis examines the stability of the unobserv-
able subspace and shows that the eigenvalue associated with this
unobservablesubspaceis zero and the correspondingeigenvectoris
an equilibriumline of the AD system. Additionally, applications of
the theory to practical spacecraftoperationsproblems are presented.
The theory has been successfully applied to many A2100 in-orbit
spacecraftto improve pointing performancein anomalous situations
where the AD solution has been inadvertently corrupted.

The paper is organized as follows. The mathematical modeling
and derivations are presented in Sec. II. In Sec. III, the AD observ-
ability analysis is given, and in Sec. IV, practical applications are
demonstrated. Supporting numerical simulations and actual space-
craft flight data are provided in Sec. V.

II. Mathematical Model
The state-space representation for the AD system can be ex-
pressed as

x(t) = Ax(t) + n, (1

y(@) = Cx(t) + n, 2
where n; and n,, are system and measurement noise inputs, respec-
tively.

A. Derivation of the State Equation
The state variablein Eq. (1) is a six-dimensional vector consisting
of the three-axis AD error vector e and the three-axis gyro bias
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Fig. 1 Spacecraft coordinates and its nominal attitude.
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Fig. 2 Sun sensor field of view (FOV).

Fig. 3 A2100 spacecraft: X =yaw, Y =roll, and Z =pitch.

estimation error vector Whpjas -

x(t)=|:w: ]=[ex 6, 0. 5 8 81 @

The AD errore is defined as the small angle rotation vector from the
estimated spacecraft body coordinate frame to the true spacecraft
body frame. The derivative of e can be expressed as'>

)

where w =[w, o, w,]" is the spacecraftbody angular rate vector,
W is the skew-symmetric angular rate matrix given by

é=—wxe—wbiag+n1 = We — wpips + 1,

0 -w o
W=—-1| o, 0 - )
—wy, Oy 0

and n| is white noise. The gyro bias wy,, is modeled as the random
walk process* described by
(6)

Whias = N2

where n, is white noise that is independent of n;. When Eqgs. (4)
and (6) are combined, Eq. (1) can be written as

I [P

where I3 is a 3 x 3 identity matrix.

@)

B. Derivation of the OQutput Equation
The output vector y(¢) in Eq. (2) consists of three measurement
residuals:

(@) sun elevation residual
y(@) = | »@) | = | Earthrollresidual | =z, —zex (8)
Y3 (1) Earth pitch residual

where z,, is the attitude sensor measurement vector (sun elevation,
Earth roll, and pitch angles) and z is the expected measurement
vector calculated by the AD system. Because z., is derived from
the sun and Earth vectors transformed from the inertial reference
frame to the body frame by using the onboard AD knowledge, it is
also a function of the AD error e. Equation (8) can be linearized and
expressed in the form of Eq. (2):

0Zest 0Zest
e| = e
de de
©)

where C| = 0z, /de is a 3 x 3 Jacobian matrix consisting of the
partial derivatives of the sensor measurements with respective to
the AD errors* Note that, in this equation, the sensor measurement
error is not considered; therefore, z,, = ze((0). If we assume that the
Earth sensorand sun sensor are mounted as described in Sec. I, then
the C matrix in Eq. (9) can be written as

YO =2n — Zest(€) = 2 — [Zesl(o) -

=[C; Olx=Cx

—sing(t) —cose(t) O 0 0 0
C= 0 1 000 o=l 0
0 0 1 :000

(10
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where ¢ () is the sun azimuth angle. Note that Eq. (10) is a generic
expressionthat applies when both the sun and the Earth are used for
AD. When the sun is outside the sun update window (Fig. 2), the C
matrix in Eq. (10) has only two rows (second and third rows).

C. Solution to the State Equation
The homogeneous solution to Eq. (1) is given by

x(t) = ®()x(t) (11

where the state transition matrix ®(#) can be expressed in closed
form using the Cayley—Hamilton theorem (see Refs. 1 and 5) as

follows:
D,(1) P,(0)
®() = 12
() [ 0, I, } (12a)
B, (1) =€V =4+ a\W + a, W? (12b)

t
®,(1) = —/ "0 dr = boI; + bW + b,W?  (12¢)

to

g, = Sl — )] (12d)
]

1 —cos[llwll(z — 1)]

“= w2 ee

by = —(t — 1) (12f)

by = —a, (12g)

py = Nl — 1) —sinllwlt — 1) a2

flewl?

III. Observability Analysis
A. Observability with Both Sun and Earth Sensor Measurements
The followingdefinitionof linear system observabilityis standard
and can be found in many textbooks, for example, Ref. 5.
Definition 1: A linear time-varying system (A, C) is completely
observableon [f,, 4 00) if and only if

y@)=Ct)x(t) =Ct)®(t)x(ty) =0, forallt > 1, (13)

implies
xo=x(1) =0 (14)

Theorem 1: When both Earth and sun sensor measurements are
available, the system (4, C) is completely observable.
Proof: When Eq. (12a) is used, Eq. (13) can be written as

¥ =€, 0]|:‘I’1(f) ‘I’z(f):| |:x01:|

0; I Xo2

= C[ [‘I?'l(t)xm + QQ(t)XOQ] = 0, for all ¢ > 1 (15)

Because C| is full rank when the sun is in the sun sensor update
window, Eq. (15) is equivalent to
[(}1 (t)xm + QQ(t)XOQ] = 0, for all ¢ > to (16)

When it is known that ®, (¢) is an orthogonal matrix, it is straight-
forward to prove that (Appendix A)

O (OB, (1) =B (1)®2(1) = B (1) =bol; — bW +b,W*  (17)

With Eq. (17), it can be proven (Appendix B) that the only solution
that satisfies Eq. (16) for all time is xq; =Xy, =0. Therefore, the
system of Egs. (1) and (2) is completely observable when the sun is
in the sun update window.

B. Observability with Only Earth Sensor Measurements

Without the sun sensor measurement, the system becomes time
invariant, and the system observability can be examined directly
from the following observability matrix:

c C, 0
CcA W —C,

o=|cA*| =|cw —-Ccw (18)
cA® caw —cwt

where

C_01oooo
“loo 1000

} =[C; 0] (19)

Theorem 2: The system’s unobservable subspace is one dimen-
sional and is spanned by the null vector of O:

vu=I[1 0 0 0 —w, ol (20)

4

Proof: The rank 4 null space of C is

1 0 0O
00 0O
- 00 0O 2
TSP G 1 0 0
0010
0 0 0 1
It can also be seen that subspace
I;
N, = span W (22)
is contained in the null space of
aw —C,
cw> —Cc\w
cws - wt
because
(604 —C,
cw: —CwW || L, _o
wl
cow —cwt

By inspection, we have
N=N NN,=span[l 0 0 0 -w, w,]  (23)

Note that N is contained in the null space of Q. On the other hand,
itis straightforward to verify that

C, 0
W —C
c\wW> —C\W
[0 1 0 0o 0 0]
0 0 1 0 0 0
—w, 0 Wy 0 —1 0
T oo —w, 0 0 0 -l
Wy Wy —wi = wf w,w, w, 0 —w
| w o, Wy, —? —wf, —w, 0 |

(24)
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has a rank of 5, if either w, or w, is not zero. Therefore, O has at
least a rank of 5, which means N is the unobservable subspace of
the AD system.

During normal spacecraft operations, the spacecraft pitch rate is
approximately equal to the orbit rate, that is, w, & wy =15 deg/h,
and the spacecraftroll rate w, ~ 0. Then Eq. (20) can be simplified,
as

y=[1 0 0 0 —aw, 0] (25)

The implication of Eq. (25) is that a linear combination of the yaw
AD error and the roll gyro bias estimation error in the ratio of 1 to
—wm is not observable in the Earth sensor measurements. Figure 4
and Eq. (26) further illustrate the following: If x(0) = av,,, where
« is any real number, then

y(@) = Ct)@(1)x(0) =0 (26)

forallt > 0.

Theorem 3: Note that v, is an eigenvector of A, corresponding
to an eigenvalue of zero.

The proof of this result is trivial by verifying the following equa-
tion:

AV =0 27)

Because this zero eigenvalue is unobservable, it is not possible to
constructan estimator that will alter the dynamics of this “mode” of
the AD system. This means that the zero eigenvalue and its eigen-
vector vy, will also be an eigenvalue and eigenvector pair of the
closed-loop AD system. Hence, v, defines an equilibrium line of
the AD system. As shown in Fig. 5, starting from any initial con-
dition, the AD state trajectory will converge to a point on this line

Yaw AD Err (deg)
X A
Vun
2-Dim Subspace of the
6-Dim AD State Space
S
1
1-Dim unobservable subspace:
1
1 Roll Gyro Bias Est Err
1 0 (deg/sec)
1 > ‘xS
-

Fig. 4 State space of AD system.

Yaw AD Err (deg)
A

PR-=-==|x
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x®) (deg/sec)

0

>

X5

Fig. 5 State trajectory and equilibrium line.

where no furtherreductionin the yaw AD error x; and roll gyro bias
estimation error x5 is possible.

IV. Applications

As discussed in the preceding section, when the sun is outside
the sun update window, a linear combination of the yaw AD error
and roll gyro bias estimation error is unobservable and cannot be
removed. The yaw AD performance, or the position on line v, is
determined by two factors: 1) the gyro bias and 2) the initial AD
state error at the beginning of the sun blind period. The gyro bias
consists of a constantcomponentand a time-varyingcomponentthat
may be modeled by a random walk noise process. The constantbias
contributes a major portion to the gyro performance uncertainties.
When it is assumed that the system has achieved steady state when
the sun leaves the sun update window, then the AD error should
be small, corresponding to a point on line vy, close to the origin.
During the sun blind period, due to the effect of the time-varying
gyrodrift,the AD state trajectory will driftalong the equilibriumline
within a small neighborhood near the origin with high probability
consistent with the required spacecraft AD performance. However,
if an anomaly occurs within the sun blind region, the AD state may
be corruptedin sucha way that the AD state vectoris disturbed from
the equilibriumpoint and eventually convergeto a differentpointon
the line with a large AD error. As an example of this, Fig. 6 shows
the impact on AD performanceif the gyro bias estimate is corrupted
outside of the sun update window. Before the event, the AD error
has converged to point P; with a small yaw residual AD error. The
corruption of the gyro bias estimate moves the state vector from
P, to P,, and from there it eventually converges to P; with a much
larger yaw AD error.

Normally, full accuracy would not be recoverable until full
state observability is achieved on entry to the sun update window.
However, the results of the preceding section can be used to es-
timate and correct the yaw AD error during the sun blind period,
without having to wait for entry to the sun update region. If we as-
sume that no gyro failure is involved, which means that the earlier
estimated gyro bias remains valid, then the roll gyro bias estimation
error caused by the corruptionis the difference between the current
roll gyro bias estimate and the value before the event. Therefore,
the yaw AD error can be estimated using Eq. (28), which is derived
from the slope of v,:

roll gyro bias estimation error

yaw AD error = — - - (28)
nominal orbit rate

Note that Eq. (28)is the same as the equation derived using the gyro
yaw compassing technique? According to the developed theory,
the yaw AD error can also be corrected as follows. With reference
to Fig. 6, if the preevent gyro bias estimate is reset and the gyro
bias updates are disabled, the state trajectory will jump to point P,

Yaw AD Err (deg)
A
Vl.ll'l
Py
P,
Roll Gyro Bias Est Err
P, P, P; (deg/sec) <
0

Fig. 6 Gyro bias corruption causes yaw AD error and recovery.
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and remain along a vertical line corresponding to the error in the
reset gyro bias. Note that the state trajectory will remain on this
line, while the system converges, because the gyro bias estimates
are held constant. Ultimately, the system will achieve steady state
with a greatly reduced yaw AD error at Ps, the intersection of the
vertical line and the equilibrium line. As shown in the next section,
this behavioris confirmed by both numerical simulation and actual
spacecraftin-orbit data.

V. Simulations and Flight Data

In this section, numerical simulation results and flight data are
presentedtoillustratethe theory developedin the precedingsections.

Yaw AD Frr (deg)

Simulationcase 1 illustratesthe effectofa corruptionof the gyrobias
estimate outside the sun update window. As shown in Fig.7,at 0.1 h
from the start of the simulation, the gyro bias is reset to zero, which
causesthe AD systemtoreconvergewith a2.8-degyaw AD errorand
a—4.55 x 1075 deg/s gyrobias, thatis, —1.9 x 10~* deg/s roll gyro
bias estimation error. The ratio of the yaw AD error to the roll gyro
bias estimation error is close to negative orbit rate, which confirms
that the trajectory converges to the equilibriumline shown in Fig. 5.
At about 5.5 h, the sun leaves the sun sensor field of view, which
sets the sun sensor elevation residual to zero, as shown in Fig. 7.
Simulation case 2 illustrates the yaw AD recovery process de-
scribed in the preceding section. This case is same as case 1, except

Roll Est Bias (deg/sce)

Time (Hour)

Fig. 7 Case 1: gyro bias reset at 0.1 h.

Yaw AD Eirr {deg)

Roll Gyro Bias Est (deg/sec)

,_.
1

Sun Elevation Residual (deg)

1.5
Time (hour)

Fig. 8 Case 2: gyro bias and yaw attitude recovery.
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Fig. 9 Flight data from A2100 spacecraft.

that at 1.6 h into the simulation the gyro bias is reset to the nominal
value and gyro bias updates are disabled. As shown in Fig. 8, this
forces the state to converge with a greatly reduced yaw AD error
(0.03 deg).

Figure 9 showsthe yaw AD recovery process appliedin-orbitdur-
ing the preoperational test of an A2100 spacecraft. Figure 9 shows
the sun sensor elevation residual and roll gyro bias response follow-
ing inadvertent corruption of the gyro bias estimate. The response
is shown starting at 0800 hrs after the bias corruption and with the
AD system having reached steady state. The large yaw AD error can
be seen from the large sun elevationresidual (—2.1 deg). Note that,
to replicate conditions in the sun blind region and yet retain yaw
sensing, the test was performed in the sun update window with the
sun update logic deliberately disabled. Therefore, although the true
yaw AD error is unavailable, the sun sensor elevation residual pro-
vides an accurate indication of the yaw AD error; for example, see
Figs. 7 and 8. After the preevent gyro bias is uploaded to the space-
craft at about 0809 hrs, the sun elevation residual starts decreasing
as the yaw AD error is corrected. By 0920 hrs, the yaw AD error is
reduced to less that 0.2 deg. At 0928 hrs, the sun sensor updates are
reenabled, and the small residual yaw AD error is removed.

VI. Conclusions

Many geosynchronouscommunication satellites in service today
include an onboard attitude determination system that processes
Earth and sun sensor measurements to estimate the inertial attitude
and gyro bias errors. When both Earth and sun sensor data are avail-
able, the attitude determination state is completely observable, and
hence, recovery from AD state corruption events is rapid and auto-
matic. However, over the portion of the orbit where sun sensor data
is not available, the AD system must process Earth sensor data only.
In this case, the system is unobservable with a one-dimensionalun-
observable subspace and zero eigenvalue. If disturbed, the system
will, therefore, converge to a point on the line where the yaw AD
error and roll gyro bias estimation error have a ratio equal to the
orbit rate. When this result is used, it is possible to correct the re-
sulting error by forcing the AD state to a point on the equilibrium
line associated with the preevent gyro bias error. As illustrated by
simulation and in-orbit test data, the approach has great practical
value, allowing rapid recovery of AD accuracy, without having to
wait for the availability of sun sensor data.

Appendix A: Properties of Transition Matrix 1

Because W' = — W, Eq. (12b) indicates @ (¢) is an orthogonal
matrix, that is,

') =dT(t) =1 — ;W + a,W? (A1)
Therefore,
B (1B, (1) = (I, — a\ W + a;W?) (bol5 + b,W + b,W?) (A2)
When
W = —llw|*W (A3a)
W= —|w|*W? (A3b)

and Eqgs. (12d-12h) are used, it is straightforward to simplify
Eq. (A2) to

D1 ()®2(1) = bols — by W + by = @] (1) (A4)

Appendix B: Properties of Transition Matrix 2

A. Eigenvalues and Eigenvectors of W
The skew symmetric matrix W has eigenvalues of (0, jllwl]l,
—Jjllwll) and satisfies

0 0 0
WU=U|0 0 wl (B1)
0 —llwl O
where
U=(u u us (B2a)

consists of three unit orthogonal vectors

1

N (B2b)
llwll
1 wyw; — w,llwll
U= —on— | ww,. +w,wl (B2c)

2w +?)lwll [ —w? - w?
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. Wy, + oy llwl|

U = ———— | Oy0: — oW (B2d)

2w +w)lwl | —w? - o

Equation (B1) can be further expressed as

Wu, =0 (B3a)
Wu, = —|lwllu; (B3b)
Wu; = |wllu, (B3¢)
Wu, = —||lwl’u, (B3d)
Wous = —||wl’us (B3e)

B. Solution to Equation (16)

Because {u1, uy, u3} provides a set of basis vectors for the three-
dimensional space, any initial condition x, in Eq. (16) can be ex-
pressed as

Xop = Ciuy + oty + Cc3l (B4)

where {c, ¢3, c3} are any real numbers. When Eqs. (12f~12h) and
Eq. (17) are used, Eq. (16) can be written as

xo = —®lxp = —(bOI3 - bW+ b2w2)(clul + cuy + c3us)
(B5a)

= (t — to)u, (B5b)

— (1/llwl)(csuy — cous) (B5¢)

+ {/llwiD{sin{llwll(t — 1) + O1}u: (B5d)

+ {/lwlbfcoslllwll(t — to) + O1}us (B5e)

where [ = /(¢ + ¢3) and § =arctan(c; /c,).

Equation (B-5) implies that x;; is in general a function of time.
The firstterm [Eq. (BSb)] shows thatx, linearlyincreasesin the neg-
ative u, direction. The second, third, and fourth terms [Eqgs. (B5c),
(B5d), and (B5e)] show that the projection of x(; in the u, —u;
plane moves along a circle that is centered at 1/||w||(c3u; — cous)
and has aradius of //||w||. Therefore, for x, to be a constant vector,
{c1, ¢, c3} have to be all zeros, which means xq; =xg, =0.
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